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Abstract
Let G be a countable discrete amenable group, M a McDuff factor von
Neumann algebra, and A a separable nuclear weakly dense C∗-subalgebra
of M. We show that if two centrally free actions of G on M differ up
to approximately inner automorphisms then they are outer conjugate by
an approximately inner automorphism, in the operator norm topology,
which makes A invariant. In addition, when A is unital, simple, and with
a unique tracial state and α is an automorphism of A we also show that
the aperiodicity of α on the von Neumann algebra is equivalent to the
weak Rohlin property.
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1 Introduction
Since Connes’ classification [2] of automorphisms of the injective type II1 factor
von Neumann algebra, the classification of group actions on von Neumann alge-
bras has been intensively studied. In particular, discrete amenable group actions
on injective factors were completely classified by many hands. For finite group
actions on the injective type II1 factor the classification was obtained by Jones
[6], after that for discrete amenable group actions on type II factors this work
was extended by Ocneanu [13]. For type IIIλ (λ 6= 1) factors the classification of
discrete amenable group actions was obtained by Sutherland and Takesaki [16],
for type III1 the classifications of finite group and abelian group actions were
obtained by Kawahigashi, Sutherland, and Takesaki [10], and finally the classi-
fication was completed by Katayama, Sutherland, and Takesaki [9]. Recently,
Masuda presented the unified proof for these results which is independent of
types on factors [11], [12].
In the proof shown by Masuda, he applied the Evans-Kishimoto intertwining
argument for discrete amenable group actions on von Neumann algebras. The
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Evans-Kishimoto intertwining argument was first introduced in [3] to classify
automorphisms of approximately finite dimensional C∗-algebras. Subsequent to
this successful method, many classification results were obtained for amenable
group actions on C∗-algebras [5]. The purpose of the present paper is to reimport
Masuda’s Evans Kishimoto intertwining argument from injective von Neumann
algebras into nuclear C∗-algebras.
Our proof of the main result Theorem 3.1 is a combination of the intertwining
argument and the amenability of nuclear C∗-algebras which was obtained by
Haagerup in [4]. In Section 2, we shall obtain central sequences in the operator
norm sense by the approximate diagonal of amenable C∗-algebras which was
defined by Johnson [7]. As an application we also show the second main result
Theorem 2.3. In Section 3, applying Lemma 2.1 we shall follow the proof of
Theorem 3 in [11] and prove the second main theorem Theorem 3.1.
Concluding this section, we prepare some notations. For a C∗-algebra A, we
denote by A1 the unit boll of A, Asa the set of self adjoint elements of A, A+
the positive cone of A, and U(A) the unitary group of A. Set xϕ(y) := ϕ(yx),
ϕx(y) := ϕ(xy), ‖x‖ϕ := ϕ(x∗x)1/2, ‖x‖♯ϕ := ((ϕ(x∗x) + ϕ(xx∗))/2)1/2, [x, y] =
xy − yx for ϕ ∈ A∗ and x, y ∈ A.
2 Central sequences
The following lemma is a generalization of Lemma 3.7 in [1]. To prove this we
start from the fact on the strong∗ topology. LetM be a von Neumann algebra
and xn ∈ M1, n ∈ N. If ‖[xn, ϕ]‖ → 0, for any ϕ ∈ M∗, xn, n ∈ N is called
a central sequence. Let A be a separable strong∗ dense C∗-subalgebra of M
and ϕ a faithful normal state of M. We recall that if xn ∈ M1, n ∈ N is a
central sequence and yn ∈M1 satisfies ‖xn − yn‖♯ϕ → 0 then yn ∈M1 is also a
central sequence. This follows from the estimation below, (the same argument
is appeared in [17],)
‖[yn, ψ]‖ ≤ ‖(yn − xn)ψ‖ + ‖[xn, ψ]‖+ ‖ψ(xn − yn)‖
≤ ‖xn − yn‖ψ + ‖[xn, ψ]‖+ ‖(xn − yn)∗‖ψ
≤ 2
√
2‖xn − yn‖♯ψ + ‖[xn, ψ]‖ → 0,
for any ψ ∈M∗.
Lemma 2.1. Let M, ϕ, and A be as the above. Suppose that A is unital and
nuclear. Then the following holds.
(i) For any central sequence Hn ∈ M1+(∈ M1sa), n ∈ N there exist hn ∈ A1+(∈
A1sa), n ∈ N such that ‖hn −Hn‖ϕ → 0 and ‖[hn, a]‖ → 0 for any a ∈ A.
(ii) For any central sequence Un ∈ U(M), n ∈ N there exist un ∈ U(A), n ∈ N
such that ‖un − Un‖♯ϕ → 0 and ‖[un, a]‖ → 0 for any a ∈ A.
Proof. Let Fm, m ∈ N be finite subsets of A1 such that
⋃
Fm
‖·‖
= A1, and
let εm > 0, m ∈ N be a decreasing sequence such that εm ց 0. Because
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of Haagerup’s theorem in [4] we know that A is amenable. And by using the
approximate diagonal defined by Johnson [7] we can obtain finite subsets Gm,
m ∈ N of A1 such that
∑
g∈Gm
g∗g = 1, ‖[
∑
g∈Gm
g∗ag, f ]‖ ≤ εm,
for any a ∈ A1 and f ∈ Fm.
Proof of (i). Since Hn ∈ M1+, n ∈ N is a central sequence, we have a slow
increasing sequencemn ∈ N, n ∈ N such thatmn ր∞, |Gmn |·‖[Hn, ϕ]‖1/2 → 0,
and
∑
g∈Gmn
‖[Hn, gϕ]‖1/2 → 0, n → ∞. By Kaplansky’s density theorem, we
obtain h′n ∈ A1+, n ∈ N such that
∑
g∈Gmn
‖h′n −Hn‖gϕg∗ ≤ εn, n ∈ N. Define
hn :=
∑
g∈Gmn
g∗h′ng ∈ A1+.
By
⋃
Fm
‖·‖
= A1 and the second condition of Gm, it follows that ‖[hn, a]‖ → 0
for any a ∈ A1. Since ∑ g∗g = 1, we conclude that
‖hn −Hn‖ϕ = ‖
∑
g∈Gmn
g∗(h′n −Hn)g + g∗[Hn, g]‖ϕ
≤
∑
‖h′n −Hn‖gϕg∗ + ‖[Hn, g]‖ϕ
≤ εn +
∑
([Hn, g]ϕ([Hn, g]
∗))1/2
≤ εn +
√
2
∑
(‖[Hn, g]ϕ‖)1/2
≤ εn +
√
2
∑
(‖[Hn, gϕ]‖+ ‖g[ϕ,Hn]‖)1/2
≤ εn +
√
2
∑
‖[Hn, gϕ]‖1/2 + ‖[ϕ,Hn]‖1/2 → 0.
ReplacingM+ and A+ withMsa and Asa in the above argument, we can verify
the same.
Proof of (ii)
Let log be the standard branch defined on the complement of the negative
real axis, and Hn :=
1
π
√−1 log(Un) ∈ M1sa, n ∈ N. We shall show that Hn,
n ∈ N is also a central sequence in the following argument.
Let ω be a free ultrafilter on N, µ be the measure on T defined by
∫
T
fdµ
= limn→ω ϕ(f(Un)) for any f ∈ C(T). Set ‖f‖2 := (
∫ |f |2dµ)1/2 for f ∈ C(T).
For ε > 0, set a polynomial p ∈ C(T) such that ‖p− log ‖2 < ε/2. Since
‖[log(Un), ϕ]‖ ≤ ‖(log−p)(Un)ϕ‖+ ‖[p(Un), ϕ]‖+ ‖ϕ(p− log)(Un)‖
≤ ‖[p(Un), ϕ]‖+ 2ϕ(| log−p|2(Un))1/2,
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it follows that lim
n→ω
‖[log(Un), ϕ]‖ ≤ ε, which implies
lim
n→ω
‖[log(Un), ϕ]‖ = 0.
Then we can obtain a subsequence nm ∈ N such that lim
m→∞ ‖[log(Unm), ϕ]‖ = 0.
Therefore we have lim
n→∞
‖[log(Un), ϕ]‖ = 0.
Applying (i) to Hn ∈ M1sa, n ∈ N, we obtain hn ∈ A1sa, n ∈ N satisfying the
conditions in (i). Set δn := max{‖[ϕ, hn]‖, ‖[ϕ,Hn]‖}. Thus we have δn → 0,
and for any k ∈ N we have
‖hkn −Hkn‖ϕ ≤ ‖(hn −Hn)hk−1n ‖ϕ + ‖Hn(hk−1n −Hk−1n )‖ϕ
≤ (ϕ((hn −Hn)h2(k−1)n (hn −Hn))
+ [ϕ, hk−1n (hn −Hn)]((hn −Hn)hk−1n ))1/2
+ ‖hk−1n −Hk−1n ‖ϕ
≤ ‖hn −Hn‖ϕ +
√
2‖[ϕ, hk−1n (hn −Hn)]‖1/2 + ‖hk−1n −Hk−1n ‖ϕ
≤ ‖hn −Hn‖ϕ + 2(kδn)1/2 + ‖hk−1n −Hk−1n ‖ϕ
≤ k‖hn −Hn‖ϕ + 2δ1/2n
k∑
l=1
l1/2
≤ 2k‖hn −Hn‖ϕ + δ1/2n k(k + 1)
≤ 2k‖hn −Hn‖ϕ + 4kδn.
Define un := exp(pi
√−1hn), n ∈ N. Hence it follows that ‖[un, a]‖ → 0 for
any a ∈ A1 and
‖un − Un‖♯ϕ = ‖ exp(pi
√−1hn)− exp(pi
√−1Hn)‖♯ϕ
≤
∞∑
k=1
1
k!
pik‖hkn −Hkn‖ϕ
≤ (e2π − 1)‖hn −Hn‖ϕ + (e4π − 1)δ1/2n → 0.
By (i) Lemma 2.1 we obtain the following theorem which is a variation of
Theorem 4.5 [8] for positive elements and a generalization of Theorem 1.2 [15]
for nuclear C∗-algebras.
Definition 2.2. Let A be a unital separable simple C∗-algebra with a unique
tracial state τ . We denote by A∞ the central sequence algebraA′∩l∞(A)/c0(A),
which is defined by the operator norm topology. An automorphism α of A has
the weak Rohlin property if for any k ∈ N there exists (fn)n ∈ A∞1+ such that
(αj(fn)fn)n = 0, j = 1, 2, ..., k − 1, lim
n
τ(1 −
k−1∑
j=0
αj(fn)) = 0.
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We let piτ be the GNS-representation associated with τ and
WInn(A) = {α ∈ Aut(A);piτ ◦ α = Ad V ◦ piτ , ∃V ∈ U(piτ (A)′′)}.
Theorem 2.3. Let A be a unital separable simple nuclear C∗-algebra with a
unique tracial state τ and α an automorphism of A. Then [α] ∈ Aut(A)/WInn(A)
is aperiodic if and only if α has the weak Rohlin property.
Proof. By using (i) Lemma 2.1, Theorem 2.3 becomes a trivial generalization
of Theorem 1.2 in [15], so the proof is sketchy.
Suppose that α ∈ Aut(A) has a central sequence (f ′n)n ∈ (A∞)1+ which
satisfies the condition in the above definition for 2k ∈ N. Set fn =
∑k−1
j=0 α
j(f ′n).
Thus (fn)n ∈ (A∞)1+ satisfies (fnαk(fn))n = 0, and τ(1A− (fn+αk(fn)))→ 0.
Set β = αk. If β ∈ WInn(A) then we obtain V ∈ piτ (A)′′ such that piτ ◦ β =
AdV ◦ piτ . Set a representation ρ : A ×β Z → piτ (A)′′, by ρ(a) = piτ (a) and
ρ(uβ) = V , where uβ is the implementing unitary for β. Then we can define
a trace φ on A ×β Z by φ(x) = τ ◦ ρ(x), x ∈ A ×β Z. Since V ∈ piτ (A)′′ we
can obtain an ∈ U(A), n ∈ N such that piτ (an) → V ∗ strongly, thus we have
ρ(anuβ) → 1. However the partition of unities fn, β(fn) are central sequences
and transitive by β then we have φ(auβ) = 0 for any a ∈ A, (see Proposition
5.5 in [14]). This contradicts φ(anuβ)→ 1.
Suppose that [α] ∈ Aut(A)/WInn(A) is aperiodic. Let α be the weak ex-
tension of piτ ◦ α ◦ pi−1τ to an automorphism of piτ (A)′′.
By the classification theory for aperiodic automorphisms on the injective
type II1 factor due to Connes [2], there exists a central sequence (Em) ∈
(piτ (A)
′′)∞, m ∈ N of projections, in the sense of the strong topology, such
that
Em + α(Em) + · · ·+ αk−1(Em)→ 1 (strongly).
By (i) Lemma 2.1 we obtain a central sequence (f ′m)m ∈ A∞, in the operator
norm sense, such that f ′m ∈ A1+ and Em − piτ (f ′m) → 0 (strongly). Then we
have that τ(1 −
k−1∑
j=0
αj ◦ piτ (f ′m))→ 0, m→∞.
By the continuous function calculus in the proof of Theorem 1.2 [15], we
have a orthogonality in the operator norm sense, i.e., we can take a subsequence
mn, n ∈ N and a central sequence (fn)n ∈ A∞ such that
(fn)n(α
j(fn))n = 0, j = 1, 2, ..., k − 1,
‖fn − f ′mn‖τ → 0.
Since τ(1−
k−1∑
j=0
αj ◦piτ (f ′mn))→ 0, (n→∞), we also have τ(1−
k−1∑
j=0
αj(fn))→ 0.
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3 Certain cocycle conjugacy result
Theorem 3.1. Let M be a McDuff factor von Neumann algebra and A a sep-
arable nuclear weakly dense C∗-subalgebra of M. Let G be a countable dis-
crete amenable group and α, β centrally free actions of G on M. Suppose that
αg ◦ β−1g ∈ Inn(M) for any g ∈ G. Then there exist Ug ∈ U(M), g ∈ G, and
approximately inner automorphism σ of A, in the operator norm sense, such
that
AdUg ◦ αg = σ ◦ βg ◦ σ−1, for any g ∈ G.
Combining the Ocneanu’s 1-cohomology vanishing theorem (7.2 in [13] or
Lemma 6 in [11]) with (ii) Lemma 2.1, we obtain the following.
Lemma 3.2. Suppose that G, M, A, and α satisfy the conditions in Theorem
3.1. Then for any ε > 0 and finite subsets F ⊂ G, Φ ⊂M∗, and E ⊂ A1, there
exist δ > 0 and finite subset Ψ ⊂ M∗ satisfying the following conditions: for
any α-cocycle Ug ∈ U(M), g ∈ G, with ‖[Ug, ψ]‖ < δ, g ∈ F , ψ ∈ Ψ, we obtain
v ∈ U(A) such that
‖Ugαg(v)∗v − 1‖♯ϕ < ϕ, ‖[v, ϕ]‖ < ε,
for any g ∈ F and ϕ ∈ Φ, and
‖[v, a]‖ < ε, a ∈ E.
Furthermore, if Φ and E are empty then it may be assumed that Ψ is empty.
The following lemma was appeared in Corollary 5 of [11] which was proved
by using the Ocneanu’s 2-cohomology vanishing theorem in [13].
Lemma 3.3. Let α and β satisfy the conditions in Theorem 3.1. Then for any
ε > 0, finite subsets Φ ⊂M∗ and F ⊂ G, there exists an α-cocycle Ug ∈ U(M),
g ∈ G such that
‖AdUg ◦ αg(ϕ)− βg(ϕ)‖ < ε,
for g ∈ F and ϕ ∈ Φ.
Proof of Theorem 3.1.
Let An, n ∈ Z+ be an increasing sequence of finite subsets whose union
is dense in A1, on the operator norm topology, and A0 = {1A}. Set a faithful
normal state ϕ0 ofM. Let Φn, n ∈ Z+ be an increasing sequence of finite subsets
whose union is dense in M∗, on the operator norm topology, and Φ0 = {ϕ0}.
Let Gn, n ∈ Z+ be an increasing sequence of finite subsets whose union is G
and G0 = {1G}.
We shall inductively construct kn ∈ Z+, U (n)n ∈ U(M) for g ∈ G, vn ∈ U(A),
δn > 0, and finite subsets Ψn ofM∗ for n ∈ N satisfying the following conditions:
Setting k−2 = k−1 = k0 = 0, U
(n)
g = 1 for g ∈ G, v0 = 1, δ0 = 1, Ψ0 = {ϕ0},
α(−1) = α, β(0) = β, W
(−1)
g =W
(0)
g = 1,
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α
(2n+1)
g = AdU
(2n+1)
g ◦ α(2n−1)g , β(2n+2)g = AdU (2n+2)g ◦ β(2n)g , for g ∈ G,
σ
(i)
n = Ad v2n+iv2n−2+i · · · vi, for i = 0, 1,
W
(2n+1)
g = U
(2n+1)
g α
(2n−1)
g (v2n+1)
∗v2n+1 ∈M, for g ∈ G,
W
(2n+2)
g = U
(2n+2)
g β
(2n)
g (v2n+2)
∗v2n+2 ∈M, for g ∈ G, and
W
(2n+1+i)
g =W
(2n+1+i)
g Ad v∗2n+1+i(W
(2n−1+i)
g ) ∈ M, for i = 0, 1, g ∈ G,
the conditions are given by
(1.2n+ 1) k2n+1 ≥ k2n, Ak2n+1 ⊃2−(n+2) {v2n} ∪ σ(0)n (Ak2n),
(1.2n+ 2) k2n+2 ≥ k2n, Ak2n+2 ⊃2−(n+3) {v2n+1} ∪ σ(1)n (Ak2n+1),
(2.2n+1) U
(2n+1)
g , g ∈ G is an α(2n−1)-cocycle,
‖AdU (2n+1)g ◦ α(2n−1)g (ϕ)− β(2n)g (ϕ)‖ < 2−1δ2n+1,
for g ∈ G2n+1, ϕ ∈
⋃
g∈G2n+1 α
(2n−1)
g
−1
(Φk2n+1) ∪ β(2n)g
−1
(Φk2n+1),
(2.2n+ 2) U
(2n+2)
g , g ∈ G is a β(2n)-cocycle,
‖AdU (2n+2)g ◦ β(2n)g (ϕ)− α(2n+1)g (ϕ)‖ < 2−1δ2n+2,
for g ∈ G2n+2, ϕ ∈
⋃
g∈G2n+2 β
(2n)
g
−1
(Φk2n+2) ∪ α(2n+1)g
−1
(Φk2n+2),
(3.2n+ 1) ‖U (2n+1)g α(2n−1)g (v2n+1)∗v2n+1 − 1‖♯ϕ < 2−(n+1),
for g ∈ G2n−1, ϕ ∈ Ψ2n−1,
‖[v2n+1, ϕ]‖ < 4−(n+2) for ϕ ∈ Ψ2n−1,
‖[v2n+1, a]‖ < 2−(n+2) for a ∈ σ(1)n−1(Ak2n−1) ∪Ak2n−1 ,
(3.2n+ 2) ‖U (2n+2)g β(2n)g (v2n+2)∗v2n+2 − 1‖♯ϕ < 2−(n+2),
for g ∈ G2n, ϕ ∈ Ψ2n,
‖[v2n+1, ϕ]‖ < 4−(n+3) for ϕ ∈ Ψ2n,
‖[v2n+2, a]‖ < 2−(n+3) for a ∈ σ(0)n−1(Ak2n−2) ∪Ak2n−2 ,
(4.2n+ 1) δ2n+1 ≤ 2−1δ2n, and
if β(2n)-cocycle Ug ∈ U(M), g ∈ G, satisfies that ‖[Ug, ϕ]‖ < δ2n+1 for
g ∈ G2n+1, ϕ ∈ Φk2n+1 , then there exists v ∈ U(A) such that
‖Ug − v∗β(2n)g (v)‖♯ϕ < 2−(n+2) for g ∈ G2n+1, ϕ ∈ Ψ2n,
‖[v, ϕ]‖ < 2−(n+2) for ϕ ∈ Ψ2n,
‖[v, a]‖ < 2−(n+2) for a ∈ Ak2n ∪ σ(0)n (Ak2n),
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(4.2n+ 2) δ2n+2 ≤ 2−1δ2n+1, and
if α(2n+1)-cocycle Ug ∈ U(M), g ∈ G, satisfies that ‖[Ug, ϕ]‖ < δ2n+2 for
g ∈ G2n+2, ϕ ∈ Φk2n+2 , then there exists v ∈ U(A) such that
‖Ug − v∗α(2n+1)g (v)‖♯ϕ < 2−(n+3) for g ∈ G2n+2, ϕ ∈ Ψ2n+1,
‖[v, ϕ]‖ < 2−(n+3) for ϕ ∈ Ψ2n+1,
‖[v, a]‖ < 2−(n+3) for a ∈ Ak2n+1 ∪ σ(1)n (Ak2n+1),
(5.2n+ 1) Ψ2n+1 ⊃2−(n+2) Φ2n+1 ∪ {W
(2n+1)
g ϕ0, ϕ0W
(2n+1)
g }g∈G2n ,
(5.2n+ 2) Ψ2n+2 ⊃2−(n+3) Φ2n+2 ∪ {W
(2n+2)
g ϕ0, ϕ0W
(2n+2)
g }g∈G2n+1.
For n = 0, set k1 = k2 = 0, U
(1)
g = U
(2)
g = 1 for g ∈ G, v1 = v2 = 1,
δ1 = 2
−1, δ2 = 2−2, and Ψ1 = Φ1, Ψ2 = Φ2. Then the conditions (1.1) ∼ (3.2),
(5.1), and (5.2) are trivially satisfied. Since α and β are centrally free actions
(4.1) and (4.2) follow from Lemma 3.2.
Assume that we have constructed k2m+1, k2m+2, U
(2m+1)
g , U
(2m+2)
g , v2m+1,
v2m+2, δ2m+1, δ2m+2, Ψ2m+1, Ψ2m+2 for m ≤ n− 1 which satisfy (1.2m+ 1) ∼
(5.2m+2). We proceed an induction in the following. Note that km, U
(m)
g , and
W
(m)
g form ≤ 2n are already constructed. Since β(2n) is a centrally free action of
G, applying Lemma 3.2 to 2−(n+2), G2n+1 ⊂ G, Φk2n , and Ak2n ⊂ A1, we obtain
k2n+1 and δ2n+1 > 0 satisfying (1.2n+ 1) and (4.2n+ 1). By Lemma 3.3 there
exists α(2n−1)-cocycle U (2n+1)g ∈ U(M) satisfying (2.2n + 1). By (2.2n), i.e.,
‖α(2n−1)g (ϕ)−β(2n)g (ϕ)‖ < 2−1δ2n for g ∈ G2n and ϕ ∈
⋃
g∈G2n α
(2n−1)
g
−1
(Φk2n),
we have
‖[U (2n+1)g , α(2n−1)g (ϕ)]‖ = ‖AdU (2n+1)g ◦ α(2n−1)g (ϕ)− α(2n−1)g (ϕ)‖
< 2−1δ2n+1 + 2−1δ2n < δ2n.
By (4.2n) we obtain v(2n+1) ∈ U(A) satisfying (3.2n+1). Thus we can construct
W
(2n+1)
and obtain Ψ2n+1 ⊂M∗ satisfying (5.2n+1). Now we have constructed
k2n+1, U
(2n+1), v2n+1, δ2n+1, and Ψ2n+1 satisfying the conditions for 2n + 1.
By the same way we can construct k2n+2, U
(2n+2), v2n+2, δ2n+2, and Ψ2n+2
satisfying the conditions for 2n+ 2.
By (1.2n+ i) and (3.2n+ i) for i = 0, 1 we have
‖σ(i)n (a)− σ(i)n−1(a)‖ = ‖[v2n+i, σ(i)n−1(a)]‖ < 2−(n+i),
for any a ∈ Ak2n−1+i . Thus σ(i)n (a), n ∈ N, i = 0, 1, are Cauchy sequence in the
operator norm topology for any a ∈ ∪mAm. Then we can define endomorphisms
σi, i = 0, 1, of A by
σi(a) = lim
n→∞σ
(i)
n (a) (operator norm),
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for a ∈ A. By (3.2n + i), i = 0, 1 and ‖[v2n+i, a]‖ < 2−(n+i), for a ∈ Ak2n−1+i
we can also define endomorphisms σ−1i of A by
σ−1i (a) = limn→∞
σ(i)n
−1
(a) (operator norm),
for a ∈ A. It is not so hard to see that σi ◦ σ−1i = idA = σ−1i ◦ σi, thus σi are
approximately inner automorphisms of A.
In the following, we show that W
(2n+1+i)
g , n ∈ N are Cauchy sequences with
respect to ‖ · ‖♯ϕ0 for any g ∈ G and i = 0, 1. The same calculation appeared in
[11]. By the first condition of (3.2n+ 1 + i), we have
‖W (2n+1+i)g − 1‖♯ϕ < 2−(n+1+i) for g ∈ G2n−1+i, ϕ ∈ Ψ2n−1+i.
Then it follows that ‖W (2n+1+i)g −W
(2n−1+i)
g ‖♯ϕ0
≤ ‖(W (2n+1+i)g − 1)(Ad v∗2n+1+i(W
(2n−1+i)
g )−W
(2n−1+i)
g ‖♯ϕ0
+ ‖(W (2n+1+i)g − 1)W
(2n−1+i)
g ‖♯ϕ0
+ ‖Ad v∗2n+1+i(W
(2n−1+i)
g )−W
(2n−1+i)
g ‖♯ϕ0 for any g ∈ G.
By (5. 2n− 1 + i), {AdW (2n−1+i)g (ϕ0)}g∈G2n−2+i ⊂ Ψ2n−1+i, we have
2‖(W (2n+1+i)g − 1)W
(2n−1+i)
g ‖♯ϕ0
2
= ‖(W (2n+1+i)g − 1)W
(2n−1+i)
g ‖2ϕ0 + ‖W
(2n−1+i)
g
∗
(W (2n+1+i)g − 1)∗‖2ϕ0
≤ ‖W (2n+1+i)g − 1‖2AdW (2n−1+i)g (ϕ0) + ‖(W
(2n+1+i)
g − 1)∗‖2ϕ0 ≤ 4−(n+i)
for g ∈ G2n−1+i. By (5.2n− 1 + i) and (3.2n+ 1 + i) we have
‖Ad v∗2n+1+i(W
(2n−1+i)
g )−W
(2n−1+i)
g ‖2ϕ0
≤ ‖Ad v∗2n+1+i(W
(2n−1+i)
g )−W
(2n−1+i)
g ‖
· ‖(Ad v∗(2n+1+i)(W
(2n−1+i)
g )−W
(2n−1+i)
g )ϕ0‖
≤ 2(‖v∗2n+1+iW
(2n−1+i)
g [v2n+1+i, ϕ0]‖+ ‖v∗2n+1+i[W
(2n−1+i)
g ϕ0, v2n+1+i]‖)
≤ 4−(n+1+i),
and
‖(Ad v∗2n+1+i(W
(2n−1+i)
g )−W
(2n−1+i)
g )
∗‖2ϕ0 < 4−(n+1+i), for g ∈ G2n−2+i,
which implies that
‖Ad v∗2n+1+i(W
(2n−1+i)
g )−W
(2n−1+i)
g ‖♯ϕ0 < 2−(n+1+i).
9
Combining these estimations we have
2‖(W (2n+1+i)g − 1)(Ad v∗2n+1+i(W
(2n−1+i)
g )−W
(2n−1+i)
g )‖♯ϕ0
2
≤ 4(‖Ad v∗2n+1+i(W
(2n−1+i)
g )−W
(2n−1+i)
g ‖2ϕ0 + ‖(W (2n+1+i)g − 1)∗‖2ϕ0)
≤ 8(‖Ad v∗2n+1+i(W
(2n−1+i)
g )−W
(2n−1+i)
g ‖♯ϕ0
2
+ ‖W (2n+1+i)g − 1‖♯ϕ0
2
)
≤ 4−(n−1+i) for g ∈ G2n−2+i.
Hence we conclude that W
(2n+1+i)
g , n ∈ N is a Cauchy sequence with respect to
‖ · ‖♯ϕ0 for any g ∈ G. We define
Wi,g = lim
n→∞
W
(2n+1+i)
g (strong ∗), for g ∈ G.
From the definition of W
(2n+1+i)
g , W
(2n+1+i)
g , and σ
(i)
n ∈ Aut(M), it follows
that
α(2n+1)g = AdW
(2n+1)
g ◦ σ(1)n
−1 ◦ αg ◦ σ(1)n ,
β(2n)g = AdW
(2n)
g ◦ σ(0)n
−1 ◦ βg ◦ σ(0)n for g ∈ G.
Then we can see
AdW1,g ◦ σ1−1 ◦ αg ◦ σ1 = AdW0,g ◦ σ0−1 ◦ βg ◦ σ0 on M,
for any g ∈ G. Indeed, by (5.2n) Ψ2n ⊃ Φ2n−1 and (3.2n+1), it follows that
‖σ(1)n (ϕ)− σ(1)n−1(ϕ)‖ = ‖Ad v2n+1(ϕ)− ϕ‖
≤ ‖[v2n+1, ϕ]‖ ≤ 4−(n+1) for ϕ ∈ Φ2n−1,
which implies σ1(ϕ) = limn→∞ σ
(1)
n (ϕ) for any ϕ ∈ M∗ in the norm topology.
Similarly, since
‖σ(1)n
−1
(ϕ)− σ(1)n−1
−1
(ϕ)‖ = ‖σ(1)n
−1 ◦ σ(1)n−1(ϕ)− ϕ‖
≤ ‖[v2n+1, ϕ]‖,
it follows that σ1
−1(ϕ) = limn→∞ σ
(1)
n
−1
(ϕ) for any ϕ ∈ M∗ in the norm
topology. Then we have
σ1
−1 ◦ αg ◦ σ1(ϕ) = lim
n
σ(1)n
−1 ◦ αg ◦ σ(1)n (ϕ) for any ϕ ∈M∗,
in the norm topology. Since ‖AdW i,g(ϕ) −AdW (2n+i)g (ϕ)‖
≤ ‖(W i,g −W (2n+i)g )ϕ‖ + ‖ϕ(W i,g −W
(2n+i)
g )‖
≤ ‖W i,g −W (2n+i)g ‖ϕ + ‖(W i,g −W
(2n+i)
g )
∗‖ϕ
≤
√
2‖W i,g −W (2n+i)g ‖♯ϕ → 0 for any ϕ ∈ M∗, g ∈ G,
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it follows that
‖AdW 1,g ◦ σ1−1 ◦ αg ◦ σ1(ϕ)−AdW (2n+1)g ◦ σ(1)n
−1 ◦ αg ◦ σ(1)n (ϕ)‖
≤ ‖σ−11 ◦ αg ◦ σ1(AdW 1,g(ϕ)) − σ(1)n
−1 ◦ αg ◦ σ(1)n (AdW 1,g(ϕ))‖
+ ‖AdW 1,g(ϕ)−AdW (2n+1)g (ϕ)‖ → 0 for g ∈ G.
By the same way we have AdW 0,g ◦ σ0−1 ◦ βg ◦ σ0(ϕ) = limn→∞AdW (2n)g ◦
σ
(0)
2n
−1 ◦ βg ◦ σ(0)2n (ϕ). Hence we conclude
AdW1,g ◦ σ1−1 ◦ αg ◦ σ1(ϕ) = AdW0,g ◦ σ0−1 ◦ βg ◦ σ0(ϕ)
for any g ∈ G and ϕ ∈ M∗ which means the same equality on M. Setting
σ = σ1 ◦σ−10 ∈ Aut(A) and Ug = σ1(W ∗0,gW1,g) ∈ U(M) for g ∈ G, we have the
desired conditions.
Remark 3.4. By the condition in Theorem 3.1, we can modify Ug ∈ U(M) as
an α-cocycle. Then, by using the 1-cohomology vanishing lemma we can make
α-cocycle Ug close to 1M.
When α and β make A invariant, i.e., αg(A) = βg(A) = A for any g ∈ G,
AdUg is automatically an weakly inner automorphism of A for any g ∈ G.
Then, in particular we obtain the following corollary.
Corollary 3.5. Let A be a unital separable simple nuclear C∗-algebra with a
unique tracial state τ and α, β automorphisms of A. If [α], [β] ∈ Aut(A)/WInn(A)
are aperiodic then they are conjugate.
Acknowledgments. The author would like to thank Reiji Tomatsu who
suggested that the main result Theorem 3.1 can be extended to discrete amenable
groups. He is also grateful to Hiroyuki Osaka for the travel supports at Rit-
sumeikan University. The preliminary work of this paper was done when he
visited Sophus Lie Conference Center in Nordfjordeid Norway and East China
Normal University in Shanghai China, in June 2010. He is also grateful to
people there for their warm hospitality.
References
[1] E. Christensen, A. Sinclair, R. Smith, S. White, W. Winter, Perturbations
of nuclear C*-algebras , arXiv:0910.4953.
[2] A. Connes. Outer conjugacy class of automorphisms of factors, Ann. Sci-
ent. Ec. Norm. Sup. (4) 8 (1975), 383-420.
[3] D. E. Evans and A. Kishimoto, Trace scaling automorphisms of certain
stable AF algebras, Hokkaido Math. J. 26 (1997), 211-224.
[4] U. Haagerup, All nuclear C*-algebras are amenable, Invent. Math. 74
(1983), 305-319.
11
[5] M. Izumi, The Rohlin property for automorphisms of C∗-algebras, Mathe-
matical Physics in Mathematics and Physics (Siena, 2000), 191-206, Fields
Inst. Commun., 30, Amer. Math. Soc., Providence, RI, 2001.
[6] V. F. R. Jones, Actions of finite groups on the hyperfinite type III1 factor,
Memoirs of Amer. Math. Soc 237 (1980).
[7] B. E. Johnson, Approximate diagonals and cohomology of certain annihi-
lator Banach algebras, Amer. J. Math., 94:685-698, 1972.
[8] A. Kishimoto The Rohlin property for shifts on UHF algebras and auto-
morphisms of Cuntz algebras, J. Funct. Anal. 140 (1996), no. 1, 100-123.
[9] Y. Katayama, C. E. Sutherland, and M. Takesaki, The characteristic
square of a factor and the cocycle conjugacy of discrete group actions on
factors, Invent. Math. 132 (1998), 331-380.
[10] Y. Kawahigashi, C. E. Sutherland, and M. Takesaki, The structure of the
automorphism group of an injective factor and the cocycle conjugacy of
discrete abelian group actions, Acta Math. 169 (1992), 105-130.
[11] T. Masuda, Evans-Kishimoto type argument for actions of discrete
amenable groups on McDuff factors, Math. Scand. 101 (2007), 48-64.
[12] T. Masuda, Unified approach to classification of actions of discrete
amenable groups on injective factors, arXiv:1006.1176.
[13] A. Ocneanu, Action of discrete amenable groups on von Neumann algebras,
vol. 1138, Springer, Berlin, (1985).
[14] Y. Sato, The Rohlin property for automorphisms of the Jiang-Su algebra,
Journal of functional analysis, 259i2010)453-476, arXiv: 0908.0135.
[15] Y. Sato, A generalization of the Jiang-Su construction, preprint,
arXiv:0903.5286.
[16] C. E. Sutherland and M. Takesaki, Actions of discrete amenable groups on
injective factors of type IIIλ, λ 6= 1, Pacific. J. Math. 137 (1989), 405-444.
[17] M. Takesaki, Theory of Operator Algebras, III, Springer-Verlag, Berlin-
Heidelberg-New York, (2002).
12
